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Abstract. In this paper we obtain new characterizations of the q-uniformly convex and smooth 
Banach spaces by using Carleson measures. These measures are defined by Poisson integral 
associated with Bessel operators and Banach valued BMO-functions. By the way we describe 
g-uniformly convexity and smoothness of a Banach space in terms of the mapping properties of 
the Lusin integral defined by the Poisson semigroup for Bessel operators. 

— . 1. Introduction 

^N It is well-known that vector valued harmonic analysis and geometry of Banach spaces are closely 

'"^ connected. Some geometric properties of a Banach space B are characterized by the boundedness 

l_^ in B-valued U" or BMO spaces of some harmonic analysis operators (Riesz transforms, imaginary 

-y-, powers, Littlewood-Paley g-functions, . . . ). These properties have also a description by using mar- 

p^ tingales transforms. The celebrated papers of Bourgain [12] and Burkholder [13' concerning to 

UMD {Unconditional Martingale Difference) spaces contain the first main results of this theory. 
'"T' In the last years this area has a great activity. In [29J Xu studied the one side Littlewood-Paley 

'^H theory for Banach valued functions and he obtained new characterizations for the uniformly con- 

Si^ vex and smooth Banach spaces. The results in |29j were generalized by Martinez, Torrea and Xu 

r-| |22| to the diffusion semigroup setting. Harmonic analysis operators associated with Bessel, Her- 

mite, Laguerre and Ornstein-Uhlenbeck operators allow also to characterize UMD, convexity and 
smoothness properties of Banach spaces (see |ilj, ^, ^2,, [8j, [S], [IH]i amongst others). 



cd 



s 



Recently, Ouyang and Xu [26^ have studied the relationship between vector valued BMO func- 

T-H tions and the Carleson measures defined by their Poisson integrals. They obtained new charac- 

^ terizations for those Banach spaces admitting an equivalent norm which is (/-uniformly convex or 

^ir g-uniformly smooth. 

|/~j In this paper we use the Poisson integrals associated with Bessel operators to define Carleson 

1^ measures that allow us to characterize (modulus renorming) q-uniformly convex and smooth Banach 

(^ space. We consider the Banach valued odd BMO functions on M. In |^ the scalar space of odd 

^r—^ BMO functions was described by using Carleson measures. 



j>. Assume that B is a Banach space. We say that a locally integrable function / : M — >■ B has 

r""! bounded mean oscillation, written / G BMO{M.,V>), when 
rS 1 /• 

5;3 ll/llsj\/o(R,B) = sup— / \\f[x)- fiWadx, 

^^ 7CR I-* I J I 

where the supremum is taken over all bounded intervals / in M. Here fi — rn Jt f{x)dx, where 
the integral is understood in the Bochner sense, and |/| denotes the length of /, for every bounded 
interval / in M. By BMOo(K,B) we represent the space of the odd functions in i3MO(K,B). 
According to the well-known John-Nirenberg property we can see that a B-valued locally integrable 
and odd function / on E is in i3A/Oo(M, B) if, and only if, for some (equivalently, for any) 1 <p < oo, 
there exists C > such that 

(1) [^M\I{x)-fi\\ldx\ ' <C, 
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for every interval / = (a, 6), < a < 5 < oo, and 



(2) [^jj-Jm^Kdxj <C, 

for each interval I = {0,b), < b < oo. Moreover, for every / e BMOo{R,V>) and 1 < p < oo, 
||/||bmo(kb) - inf{C > 0, and ^ hold}. As in the classical case if / G BMO{R,B), then 

j;;°\\fix)\\M/ii+x^)dx<^. 

In [23] Muckenhoupt and Stein developed the harmonic analysis theory in the ultraspherical and 
Bessel settings. Taking as a starting point the ideas in [21] in the last years several authors have in- 
vestigated boundedness properties of harmonic analysis operators associated with Bessel operators 

(E, i, 0, Cni, E], ES]). 

We consider, for every A > 0, the Bessel operator Ax ~ ^^''^'Sx^^^'Sx''^'^' ""^ ^ (O)0o)i ^'^d the 
Hankel transformation h\ defined by 

/•oo 

h\{.f){x)^l y/xyJx^i/2{xy)fiy)dy, a::e(0,oo), 



/o 

for every / G L^{0, oo) n L^{0, oo). Here, J^ denotes the Bessel function of the first kind and order 
z/. hx can be extended to L^(0,oo) as an isometry of i^(0, oo) where h^^ = hx- If / G C^(0,oo), 
the space of smooth functions with compact support, we have that 

hx{Axf){y)^y^hx{f){y), ye(0,oo). 

We define the operator A a as follows, 

Axf = hxiy'hxif)), f e D{Ax), 

where the domain D{Ax) of Ax is 

D{Ax) = {./ e L^O,^) : y'hxif) G L2(0,oo)}. 

Ax is a closed and positive operator. Note that Axf ~ Axf, f G C^(0, oo). In the sequel we refer 
to Ax also by A^. 

By {P^}t>o we represent the Poisson semigroup associated with A^, or, in other words, the 
semigroup of operators generated by —y/Ax- According to |24l (16.4)] we can write, for every 

/eiP(0,(^), i<p<oo, 

POD 

P^{f){x)^ Pt\x,y)f{y)dy, x,ie(0,oo), 

where 

^/ X 2X(xy)H r (sin 61)2^-1 

'"' Jo [\^ ^ y) + t + 2x^(1 — cos 0)\'^+^ 

{P^}t>o is a contractive semigroup in £^(0, oo), 1 < p < oo. Since the kernel function P^{x, y) > 0, 
x,y,t ^ (0,oo), the operator P/ 
for every 1 < p < oo and t > 0. 



x,y,t ^ (0,oo), the operator P^ is also a contraction in the Lebesgue-Bochner space LP{{0,oo), 



We say that a positive measure ^ on (0, oo) x (0, oo) is Carleson when there exists C > satisfying 

A.(/x(0,|/|)) 



1/1 



<C, 



for every bounded interval / in (0, oo). It is well-known that the functions of bounded mean 
oscillation on M" can be characterized by using Carleson measures. In [6_ the following result was 
established. 

Theorem ([6, Theorem 1.1]). Let A > 0. Assume that f is a locally integrahle function in [0, oo). // 
we define fo as the odd extension of f to M, then fo £ BMOo{^) if and only if (1+x^)^^ f e ^^(0, oo) 
and the measure 7/ given by 

djf{x,t)^\td,P,\f)ix)f^ 

is Carleson on (0, 00) x (0,oo). 
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We now recall the definitions of convexity and smoothness for a Banach space B. The modulus 
of convexity i5b and of smoothness pB are defined by 

Snie) =inf{l - ||^— |!b : a,6eB,|ja||B = H^Hb = l,||a-6||B = e}, < £ < 2, 
and 

pait) = sup{ : a,6eB,||a||B = ||6||b = 1}, t> 0. 

We say that B is uniformly convex (respectively, uniformly smooth) when (5b (e) > (respectively, 
Mmt^o ps{t)/t = 0). Also, B is called q-uniformly convex, g > 2 (respectively, g-uniformly smooth, 
1 < g < 2) when there exist C > such that (5b (e) > Ce"^, < e < 2 (respectively, pait) < Cf^, 
t>0). 

Pisier [27] proved that B has an equivalent norm that is g-uniformly convex (respectively, q- 
uniformly smooth) if and only if B has martingale cotype q (respectively, martingale type q) . Xu 
|29| established the corresponding characterization when the martingale type and cotype is replaced 
by the Lusin type and cotype associated with the Poisson semigroup for the torus. The result of 
Xu was extended to the diffusion semigroup setting in [22 . Similar properties have been obtained 
in the Bessel ([7J) and Laguerre ([9 ) contexts. Recently, Ouyang and Xu |53] characterized those 
Banach spaces having an equivalent norm that is (/-uniformly convex or smooth by using Carleson 
measures and B- valued BMO functions, and lately Jiao ||20j gave the martingale version of this 
result . 

In this paper we obtain new characterizations for (/-uniformly convexity and smoothness of a 
Banach space by using Carleson measures associated with the Bessel Poisson integrals P^{f) of / 
belonging to BMOo (R,B). 

The main results of this paper are the following ones. 

Theorem 1.1. Let M be a Banach space, A > 1 and 2 < q < cx3. Then, the following statements 
are equivalent. 

(i) There exists C > such that, for every f G BMOo{R,V), the measure dfif defined by 

X/ „s , s ,,n dxdt 



dpf{x,t)^\\tdtP^\f){x)\\l 



t 
is Carleson on (0, oo) x (0, oo) and 

where the supremum is taken over all bounded intervals I in (0,cxi). 

(m) B has an equivalent norm which is q-uniformly convex. 

Theorem 1.2. Let M be a Banach space, A > 1 and 1 < q < 2. Then, the following assertions are 
equivalent. 

(i) There exists C > such that, for every odd M-valued function f, satisfying that (1+x'^)^^ f E 
Li(K,B), 

where the supremum is taken over all bounded intervals I in (0,cx)). 

(ii) B has an equivalent q-uniformly smooth norm. 
Theorems |1 . 1| and 1.2 can be seen as versions of [26, Theorems 3.1 and 4.1], respectively. 



In order to prove our theorems we need to obtain characterizations of the convexity and smooth- 



ness for a Banach space by using certain area integrals involving the Poisson semigroup {P^}t>() 



We define the following sets 

Tix) = {iy,t) gM X (0,oo) : \y - x\ <t}, xG R, 
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and 

r+(a;) = {(y, t) G (0, oo) x (0, oo) : |y - a;| < t}, x e (0, oo). 

We extend the definition of the Poisson kernel P^{x, y) given in (l3| to M x M, for every t > 0, as 
follows 

pHx y) = ^^'"^''^ r ("'^^)''" d0 

*^'^^ vr Jo [{x~y)^ + t^ + 2xy{l-cos0)]^+^ 

Note that, for every i > 0, 

(4) Pt\x,y) = P^\-x,y)=Pt\x,-y), x,yeR. 

We consider the Lusin integrals associated with the Poisson semigroup {P^}t>o defined by 

\ i/« 



Sl{f){x)={ I \\tdtP,\f)iy)\\l^\ ' ^^ 



and 




slJf){x) = { I \\tdtPHf){y)\\l ^1 ' ^ e (0'^)' 



■'X,+ \J J\-^J - 1 /_ , , 11"^*-''* (/)(y)|lB ^2^ 1 



where q > 1 and / is a strongly B-valued measurable function defined on (0,oo) such that 

rum 

Jo 1 + y' 



^-dy < oo. 



It is not hard to see that 

(5) Sl4f)ix)<Sl{f){x)<2'/'^Sl4f){x), xe(0,(X3). 

We denote by iJ^I^j®) the B-valued Hardy space. i/i(M,B) is the subspace of iyi(IR,B) consti- 
tuted by all those odd functions in i/^(IR,B). A strongly measurable B-valued function a defined on 
K such that J^ a{x)dx = is called an oo-atom (respectively, a 2-atom) when there exists a bounded 
interval / in M such that supp(a) C / and |la||Loo(R^B) < l/l^l (respectively, ||a||i2(jj_B) < 1/|/|^/^). 
According to well-known atomic representations of the elements of 7J^(M,B) ([W, f5T; p. 34, 40]) 
we can see that a strongly measurable B-valued odd function / defined on M is in i7Q(M,B) if, and 
only if, / = J27Li^j'^j i'^i ^"'^((0, oo),B), where {Xj}^i C C satisfies that X)";!! l-^jl < °° ^^^ 
Wj}^i is a sequence of strongly measurable B-valued functions defined on (0,oo) such that, for 
every j G N, Qj is an cxi-atom supported on (0,oo) or there exists /3 > for which supp(aj) C [0,/3] 
and ||a||L°^((o,oo),B) !i I//?- Also, we can characterize the elements of _ff^(M,B) similarly by using 
2-atoms. By proceeding as in the proof of [15' Theorem 2.1] we can show that a strongly measurable 
B-valued odd function / defined on M is in _ff^(M,B) if, and only if, / = J27Li ^j^-j i^ -^"'^((Oi oo),B), 
where {Xj}°^i C C is such that J27Li \^j\ < °^i ^^^ Wj}^i i^ ^ sequence of strongly measurable 
B-valued functions defined on (0,c») such that, for every j S N, Qj is an oo-atom supported on 
(0, oo) or ttj = bjX(o,s)/Sj, for a certain bj G B, being ||6j||b = 1 and Sj > 0. Here, X{o,s) denotes 
the characteristic function of (0,(5), for every ^ > 0. The topology of iJQ(K,B) is defined by the 
norms associated in the usual way with the above atomic representations. 

In |7] the martingale type and cotype of a Banach space is characterized by using Littlewood- 
Paley ^-functions associated with the Poisson semigroup {P^}t>o. In the next result we establish 
the corresponding properties involving Lusin area integrals Si , . This proposition has interest in 
itself and it is useful in the proof of Theorems |1.1| and |1.2[ 

Proposition 1.3. Let M be a Banach space, A > and 2 < q < oo. Then, the following assertions 
are equivalent. 

(i) For some I < p < oo, there exists C > such that 

I|5^,+(/)||lp(o,oo) < C||/|Up((o,oo),b), / e LP{{0,^),M). 
(ii) For every 1 < p < oo, there exists C > such that 

II^1+(/)IIl.(o,oo) < C||/|Up((o,oo),b), / e LP((0,oo),B). 
{Hi) There exists C > for which 

II^I+(/)IIli(o,oo) < C||/|Ui(K,B), / e H„^(M,B). 
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(iv) B has an equivalent q-uniformly convex norm. 

(v) M* , the dual space ofM, has an equivalent q' -uniformly smooth norm, where q' = q/{q — 1). 

This paper is organized as follows. In Section [2] we prove Proposition [O] Proofs of Theorems |1.1| 
and |1.2| are presented in Sections [3] and |4] respectively. In order to make Sections |3] and |4] more 
legible we include in Section [s] (Appendix) the proofs of some auxiliary results that we need to show 
Theorems O and O 



Throughout this paper by C we always denote a positive constant that is not necessarily the 
same in each occurrence. The duality pairing between a Banach space B and its dual B* will be 
represented by (•,-)bxb* or simply (•, •). 

Acknowledgements. The authors would like to thank Professor Jose Luis Torrea our always 
helpful discussions with him about vector valued harmonic analysis. 

2. Proof of Proposition 11.31 



In order to proof Proposition 1.3 we use |26l Lemma 4.2] where the convexity and smoothness 
of a Banach space B is described in terms of the boundedness properties of the Lusin area integral 
associated with the classical Poisson integral. 

If/ is a strongly measurable B- valued function defined in M. such that Jj^ \\f(x)\\K/{l+x'^)dx < cxd, 
and g > 1 the g-Lusin area integral S'^{f) is defined by 

/ \ 1/9 

SHf){x)^UjtdtPt{f)iy)\\l^\ , xeR, 
where Pt{f) represents the Poisson integral of / given as follows 

Pt{f){y) = I Ptiv- z)f(z)dz, y e M, t > 0. 



As usual, we denote the Poisson kernel by 

Pt{z)^--^—^, zeR, i>0. 

■K t^ + Z'^ 

We also consider the following partial Lusin integrals 

q dtdy \ 



and 



sl,ioM)(.^) = U J\tdtPt{fx(./2,2.)){y)\\l^j , xe(o,oo), 

with q > I. 

We prove Proposition |1.3| in two steps. Firstly, we establish that the LP-boundedness of S'^ is 
equivalent to the L^-boundedness of 5^ , , for every 1 < p < oo. 

Lemma 2.1. Let M be a Banach space, A>0, 2<g<oo, and 1 < p < oo. Then, the following 
assertions are equivalent. 

(i) 5"^ IS bounded from LP(M,B) into LP{R). 

(a) Si is bounded from LP{R,M) into LP{0,oo). 

(Hi) S^ i^^ is bounded from LP {{0,oo),M) into LP{0,oo). 

(iv) Si _^_ is bounded from LP {{0,00), M) into LP {0, 00). 
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Proof, (i) => (ii). It is sufficient to note that S'^{f){x) < S'^{f){x), x £ (0, oo), for every 

/eiP(M,B). 



(m) => (i). Let / G LP{R,M). We decompose / as follows, f — fo + fe, where foix) = {f{x) 
fi-x))/2 and /e(x) = (/(a;) + f{~x))/2, x e M. We have that 

/•CO 

^t(/o)(2/) = / [^t(y -z)- Pt{y + z)]fo{z)dz, y e M, t > 0, 
Jo 

and 

/■oo 

^t(/e)(2/) = / [Pt{y -z)+Pt{y + z)]Uz)dz, yeR, t>0. 
Jo 
For every i > 0, the function \\tdtPt{fo){y)\\'B is even. Then, S'^{fo) is also an even function and 

SHfo){x) < 2'/'>Sl{fo)i\x\), xeR. 

Hence, we get 

||5«(/o)|U.(E)<2l/P+l/«||5«(/„)|U.(0.oo). 

In a similar way we obtain 

The above inequalities allow us to show that (ii) implies (i). 



{ii) <(=> (Hi). We are going to see that there exists C > such that 
(6) WSlif) - 5|,„,(/)||l.(o,oo) < C||/|Up(r,b), / e LP(M,B). 

Let / e LP {R,M). We can write 

Pt{I){y)^ Pt{y-z)f{z)dz+ Pt{y + z)f{-z)dz, y,te{0,^). 

Jo Jo 

By applying Minkowski's inequality we get 



\Sli.f)ix)-Sl,^^{f)ix)\< 



r+{x) 



tdt \ I Pt{y-z)f{z)dz~ / Pt{y^z)f{z)dz 

x/2 J 



2x 



9 \ 1/9 

dtdy \ 



<^i(ll/l|B)(x)+J2(||/||B)(a;), xe(0,oo), 
where f{x) — f{—x), x £ (0,oo), and the operators J7i, i = 1,2, are defined by 



Ji{9){x)^ \\tdtPt{y- z)\\^,,.^,.itp^^g{z)dz, a;e(0,oo), 

'(0,a;/2)U(2x,oo) ^ "^^ I 



and 



Our objective (pi will be established when we prove that the operators Ji and J2 £^re bounded from 
LP (0,00) into itself. 



First, we observe that 



\tdtPt{y - z)\\l^^^^^^^,^y- ^^ 



00 /'OO 



|ta,P,(y - z)|' ^ < C / / „„. ;, , ^,,J tdy 



^q-2 

f" -^ Jo J\x-v\ i\y-z\+t)^i' 

dy , f dy 



(7) 



f°° f°° dt 

-^ Jo J\x-y\ (|y ^Z\+ 0^+2^^ - ^ \J,^^ {\y -Z\ + \X^ y|)9+l ' 7„^,^^^ (|y _ ;^| + |:, _ y|)9+l 

<i iT, a;,z G (0,cx)), x 7^ z. 



Here, Ix^z represents the interval (min{a;, z},max{a;, z}). We also get 
(8) 



Jx 



< 



C 



(y + z + Ix - y|)«+i ~ (a; + z)i 



, x,z G (0,00), 
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These estimates lead to, for i — 1,2, 

m9)\ < C {Hoi\g\) + H^{\g\)) , 
where Hq and Hoc denote the Hardy type operators defined by 

M9){x) = - / 9{v)dy. H^igjix) = / ^^dy, x G (0,oo). 

X Jo Jx y 

Since Hq and iJoo are bounded from LP{Q, co) into itself (see [23), we conclude that Ji and J2 are 
bounded from U'{Q,oo) into itself. Now the desired equivalence follows from (l6]). 

{in) ^ {iv). This property will be proved when we show that there exists C > such that 

(9) WSllocif) - Sl4f)\\L.i0.oo) < C||/||lp((0,oo),B), / G L''((0,oo),B)- 

We decompose the Bessel Poisson kernel as follows 

'^ '^' IT Jo [{x~y)2+t^ + 2xy{l-cos9)]^+^ 

2\{xy)H r (sin 61)2^-1 

du 



TT 7^/2 [(a;-y)2+t2 + 2a;y(l-cos6')]'^+i 
(10) =Pt\{x,y) + Pt^^2{x,y), x,y,te{0,^). 

By applying Minkowski's inequality we get 

(11) i^Uc(/)-^A,+(/)i<E^^-(ii/iW' 

where 



^i{9){x)^ \\tdtPt^-i^{y,z)\\ f atay.9{z)dz, xe(0,oo), 

"'(0,£c/2)U(22;,oo) \ +^ '' f^ ' 



and 

r2x 

jA 



^2{g){x)= I \\tdtPt^2{y^z)\\^^^^^^^^au^-^g{z)dz, a;e(0,(X)), 

p2x 

l^3{g){x)^ \\tdt[Pt\{y,z)~Pt{y-z)]\\ , ^uay^^g{z)dz, a;e(0,oo). 

Jx/2 ^ +^ '' t^ '' 

tive is to see that ICj is a bounded 1 
According to |6, p. 481-482] we have that 



Our objective is to see that ICj is a bounded operator in LP{0, 00), for j = 1,2,3 



z^ 



(12) \dtP,\{y,z)\<Cj^^-^^^—j^, 2/,z,ie(0,oo). 
Also, we get 

(13) \dtP,'',2{y,^)\<Cj^^^^—y^, y,z,te (0,00). 
By proceeding as in (l7| and (l8| we can see that 

^A 

(14) ||^giA^(y,^)|L,(r^(,)^j|jM)<g ^^_^^^^^ , x,ze(0,oo), x^z, 
and 

^A 

(15) ||tatPt^2(y, ^)IL.(r+(.).^) - ^ (a; + ^)A+i ' ^,^e(0,oo). 

Then, we get that 

|/Ci(5)| + |/C2(<?)| < C(i/o(|<?l) + H^{\9\))- 
Therefore, /Ci and /C2 are bounded from ^^(0,00) into itself. 

Next, we deal with the most involved operator /C3. In order to do this we introduce the new 
kernels 

2\iyz)H r-l^ fl2A-i 



^t,i,i(y'^) = / 77 X2 I ^9 I o — 77 mTATi'^^' y,2:,ie (0,00), 

^ '" [(y — z)^ + t^ + 2yz(l — cost^)J'^+-^ 
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and 

We can write 

\JC:i{g){x)\ < / \\tdt[P,\{y,z) - P,\,{y,z)]\\ , ,,,,. \g{z)\dz 

Jx/2 \ +^ '' t^ ' 

p2x 

Jx/2 ^ +^ ''t^J 

n2x 

+ \\t9t[Pt\,2iy^z)-Ptiy~z)]\\ , ^u^.\g{z)\dz, a;e(0,oo). 

Jx/2 ' \ +y >' t2 J 

By arguing like in [6l p. 483-487], we deduce that, for each x E (0, oo) and x/2 < z < 2x, 

. \\tdt[PMy,^) ~ PLiiy,z)]\\^,(^r,ix),^) ^ 7 (^ + i°g+^^) ' 

. ||ia4P,\i(j/,z)-p,\2(y,^)]|L,(r,(,)^^) < ^ (i + iog+^^) , 

c 

There (in jB] P- 483-487]), the case g = 2 is considered, but the same arguments are still valid for 
2 < g < oo. 

Hence, we have that 

(16) \IC3{g){x)\<C f i('i + iog+^^')|5(z)|dz, xe(0,oo). 

Jx/2 Z \ \^ ~ Z\J 

We denote C'o — —11 + log , -. r ) du. By using Jensen's inequahty we get 

A/2 " V li-wl/ 



<CCP-' f - fl + log+ jr^] \g{xu)\Pdu, X e (0,oo). 

Jl/2 " \ l-L ^ "1/ 



1/2 

Then, 

II^3(5)I|lp(0,oo) < ^11311^^(0,00), g G i^(0,CX)). 

Putting together the above estimations we obtain (|9l, and the proof of (iii) 4=> {iv) is finished. D 

In the following lemma we establish the endpoint result p = I. 

Lemma 2.2. Let M be a Banach space, A > and 2 < q < cx). Then, the following statements are 
equivalent. 

(») \\S\f)\\L^R)<C\\f\\HHR,M), feH\R,M), 
(«) II^1+(/)IIli(o,oo) < C||/||ffi(K3), / e Hl{R,M). 

Proof, (i) => (m). We claim that the properties below are equivalent. 

(a) ||5''(/)IUmk) < C||/||hi(e,b), / e i^o'(K,B)- 

W II^T(/)IUho,oo) < C||/IIhi(R.«)' / e HliR,M). 

(c) ||^T,,„,(/)IUno.oo) < C||/||«i(R,„), / e Hi(M,B). 

(rf) II^1+(/)IIlho.oo) < C|l/|Ui(K,B), feHl(R,M). 
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This implies what we are looking for. 

(a) <^ (b). This equivalence can be proved by proceeding as in the proof of (z) <=> (ii) of 
Lemma 12.11 



(6) <^ (c). Let / G _ff^(IR,B). Since / is odd, Minkowski's inequality implies that 

\Slif)ix) ~ 5^,,„,(/)(x)| < 7^i(||/||b)(.t) +%(||/||b)(x), X e (0,oo), 
where 



'^i(3)(-'^) = / ¥dt[Pt{y- z)-Pt{y^z)W^^,^,.itp_-.g{z)dz, xG(0,cx)), 

J(0,k/2)U(2x,oo) ^ ' ' 



and 



y-2ig)ix) ^ \\tdtPtiy + z)\\^^(j.,-,duy-)g{z)dz, xe(0,(X)). 

■/a:/2 *> ^^ ''^^f 

A straightforward manipulation leads to 



((z-y)2+t2)((z + y)2+t2) ((^_y)2+i2)2((^ + y)2+i2) 

<c,^ — ,„ fy, ^-^ <C-, ^ 



{{Z - VY + i2)((z + yf + t2) - (1^ _ y| + t)2^^ + y + t 

-•^Ti 1 I ,^5/2 ' 2/,2;,i€ (0,00). 

Hence, by proceeding as in (l7| we obtain 

|ia,[i^*(--2/)-i^*(- + 2/)]|''^<c/ ''']'"'' dtdy 

v+{x) t^ Jr+{x) {\z - y\ + 1^'}/^ 

^9/2 

-'^ |a;_^|3g/2 ' ^' ^ e (0, 00), x 7^ z. 

Then, we get 

\\tdt[Ptiy- z)- Pt{y + z)]\\^,^^^^^^^di^^ <C-——^, a;,ze(0,oo), 2:7^2. 

Therefore, 

II'Hi(5)||li(o,oo) < ^11311^1(0,00), g G L^{0,oo). 
Moreover, according to (|8|, we have that 

\H2ig)ix)\ < C f ^ ^-^^dz, xe(0,oo), 

Jx/2 Z 

and it follows that 

II'W2(5)IIli(o,oo) < C'llfflliHo.oo), 5 e L^{0,oo). 
Hence, we conclude that 

WSlif) - SI,,M)\\l^(0,oo) < C||/|Ui((o,oo),B) < C||/||«i(«,,). 



(c) <^ (d). Let / G i7^(IR,B). By (111 we have to analyze the operators K,j, j = 1,2,3. From 



( 14 1 it follows that 

JCii\\f\Mix)dx < C / , ^^\\fiz)\\ndzdx 

Jo J(0,2;/2)u(2a;,oo) F ~ ^1 
=/2 ^A 



-^io "■^^"^""lio |x-z|A+i ^^ + l |x^z|>+i ^^)^"-^io ll/WIM^ 



and from ( 15 1 we deduce, in a similar way, that 



JC2{\\f\\B){x)dx<C \\f{z)\\Mdz. 

Jo 
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Finally, (16) implies that 



JC3i\\f\\M){x)dx<C I -(1 + H 

^0 Jx/2 ^ \ 

oo />2z ^ 



oo p2x 



1 



f{z)\\Bdzdx 

dxdz < C 



z 



By combining the above estimates we get 

WSliocif) - ^1+(/)IIli(o.oo) < C||/|Ui((o,oo),B) < Cmnii 
Thus (z) => (m) is established. 

iii) => ii). Let / e i/i(M,B). We write f = ,fo + fe, where 



\f{z)\\Mdz. 



;„,., = M^Zhf), «.) = /M±Zhi)^ 



a; e 



It is clear that /„, /e G 7?i(M,B). Moreover ||/o|Ui(r,b) < I1/IIhi(r,b) and ||/e||ffi(B,B) < WJWhHb 
Assume that (ii) holds. Since fo G H^{M.,M), by using that {d) <^ (a), we get 



(17) 



\S^ifo)\\L^(R)<C\\fo\\H^ 



We define iJg(]R,B) the space constituted by all those even functions in iJ^(]R,B). We consider 
the properties (a'), {b'), (c') and {d') that are analogous to (a), (6), (c) and (d), respectively, but 
replacing i7j^(M,B) by ifg(IR,B). By proceeding as in the odd case we can see that (a') <^ (6') and 
(c') <;=> {d'). We are going to see that {b') <^ (c'). 

Suppose that h G iJg(M,B) and that h = X]?^i ^j^j- where, for each j G N, aj is a iJ-'^(M,B)- 
atom, and {Aj}°^]^ C C is such that X]i=i l-^jl < °°- Then, h = X]i=i'^j(%' + '^j)/^; being 
dj{x) — aj{~x), X eR, and j G N. We define bj and 7^, j G N, as follows 

• bj = aj and 7j = Aj/2, provided that supp(aj) C [0, 00), 

• bj = hj and 7j = Aj/2, when supp(aj) C (— cx),0], 

• if supp(aj) n (0,00) 7^ and supp(aj) n (— oo,0) 7^ 0, then 6j = X(o,oo){o-j + 5.j)/2 and 
7j = Aj. 

Thus, 5j is a iJ^(M,B)-atom. Indeed, in the two first cases it is clear. Assume now that bj — 
X(o,oo)(flj + dj)/2 where supp(aj) n (0, 00) 7^ 0, supp(aj) n (— oo,0) 7^ 0, supp(aj) C [— a,/3] 
being < a < /3 (similarly, < /3 < a), and ||aj||£,oo(uB-) < l/(/3 + a). Then, supp(6j) C [0, /3], 
II&jIIl~(r,b) < l|ajllL~(R,B) < !/(/? + a) < 1//?, and 



bj{x)dx ■ 



aj{x)dx = 0. 



From now on we write h — X]i=i '^lj9ji where gj{x) — bj{\x\)/2, a; G M and j G N, and bj and 
7j, j G N, are those ones we have just defined. 



We can write 



\Sl{h){x)-S%Jh){x)\< 



7+{^) 



tdt 



< 






td, 



2x \ 

Pt{y ~ z)h{z)dz - / Pt{y - z)h{z)dz 

x/2 j 

dtdy \ 



dtdy 

1^ 



1/9 



Ptiy - z)gj{z)dz ~ I Pf{y ~ z)gj{z)dz 

:/2 J 



, X G (0,CX3). 



Assume that g is an even i/-'^(M,B)-atom such that supp((7) C [~/3,f3] with/3 > and Ugllio 
1/2/3. We have that 



Ptiy ~ z)g{z)dz ^ / [Pt{y - z) + Pt{y + z)]g{z)dz, ye 
Jo 



< 
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For every x G (0, oo), by using Minkowski's inequality we get 



T+(x) 



idt\ I Pt{y - z)g{z)dz - / Pt{y - z)g{z)dz 

x/2 J 



? \ 1/9 

dtdy \ 



V^{x) 



tdtl Ptiy - z)g{z)dz + Pt{y + z)g{z)dz 

yj(0,a;/2)u(2x,oo) JO y 

.x/2 

< X(o,2p){x) / \\tdtPt{y - ^)llL5(r+(x),^) \\9iz)hdz 



dtdy 
IF' 



1/9 



+ X{2(i,oo){x) / ||tat[Pt(y-z)-Pt(y + /3)]||^,(-p^(^) d««-) |lg(z)||i 



,dz 



J2x \ t J 

fxl2 



+ X(o,2^)(a;) / \\tdtPt{y ^ z)\\^^^^^^^^^.it^•^\\g{z)\\^dz 

+ X(2/3,oo)(2:) / ||tat[Pt(y + z) -Pt(y + /3)]||^,^-p^j^^dMj,-) ||g(z)||Bd2 



+ / ¥dtPt{y + z)\\^,,^ ..,it6^A\g{z)\\^dz 
Jx/2 ^ +^ '■■^^1 

6 

= I]^(ll5llB)(a:). 

i=l 

Note that it is possible to introduce the factor tdtPt{y + /?), because g is even and has zero mean. 
Our goal is to see that, for a certain C > independent of g, 

ll^(l|g||B)||Li(0,oo) <C, i = 1,...,6. 

According to (l7| it follows that 

of i\\ w \i \ ^n ( \ r'"^ \\s{z)\\v. , , ^X{n,2i3){x) 

^i{\\9U)(.x) <Cx(oaii)\x) -Z — c?z <C ' J , xG(0,oo), 



X — z (3 

and then 

(18) ||^i(I1.9||i)||li(o.oo) < c. 
In a similar way Q leads to 

(19) ||^(||.9||i)||li(o,oo) < C. 
By using again (l7| and ((sl we obtain 

1.9(^)1 



9{^{\\gU){x) + 9{,{\\gU){x) <C 



dz, X e (0, oo). 



/x/2 Z 

Since the Hardy operator Hoc is bounded from L^{0, cxd) into itself, we conclude that 



(20) 



l^3(||g||B)||Li(0,oo) + ||^(||g||B)||Li(0,oo) < C / \\g{z)\\Kdz < C. 



P 



In order to analyze .?/j(||g||B), j = 2, 5, we claim that 



(21) \\tdt[Pt{y ± z) - Pt{y + m\L^(r+(x)..ii^) <C .^^.^ , xe (0,oo), < z < 13 and x ^ z. 



If (21 1 holds we obtain 



(22) 



l^2(||ff||B)||LM0,oo) + l|^5(||ff||B)|Ui(0.oo) <C / \\g{z)\\ 

Jo J2P 



-dxdz 



<CJ^ \\9{z)\\M,^f^/z<C. 



Note that the constants C > in (18l-(22) do not depend on g. 
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To justify (21 1 we observe that 



dt[Pt{v - z) - Pt{y + P)] 



/32 - z2 + 2y{p + z) 



-2t 



\{f^ + \y-z\^){t^ + {y + ^y) 



(i2 + |y-z|2)2(<2 + (y + ^)2)2 

Moreover, if < j/ < oo and < z < /3, \y — z\ < y + /3, and 



\d,[Pt{y^z)~Pt{y + m<C-, 



< 



, y,z&R, t>0. 



/3 



{t+\y-z\nt + y + P)^ - it+\y-z\r- 
In a similar way we can see, for each < y < oo and < z < /3, 

[t + y + zy[t + y + p) {t + \y-z\y 



By proceeding as in (|7| we obtain (21 1. 

Putting together all the above estimations we conclude that 

oo oo 

WSlih) - ^Uc(MIIli(o,oo) <cJ2 l7,l < CJ2 |A,|. 

i=i j=i 

Hence, 

l!'S'+(^) - '5^,/oc(^)IUi(o,oo) <C||/i||hi(r,b)- 
Thus, (6') <^ (c') is established. 

Assume again that h £ iJg(M,B). We define H as the odd extension of h\ to M. It is clear 

that H e ff^P^^B) ^iid ||i/||/fi(R^B) < C'|l/i||j:/i(R^B)- Then, according to (ii) we get 

ll'^A,+ ('*)IU^(0,oo) =ll'S'^^+(i?)||Li(o,oo) < C'll^llffi(R,B) < C'II^IIh1(R,B) • 



Hence, we have that 
(23) 



ll'5"'(/e)||Li(R) < C'||/e||_H-i(R,B)- 



By combining (17) and (23 1 we conclude that 

II'5"^(/)IIl1(R) - C'll/IUi(R,B)- 

Thus the proof of this lemma is completed. 



n 



The proof of Proposition 1.3 is now consequence of Lemmas 2.1 and 2.2 and |26} Lemma 4.2] 



3. Proof of Theorem 11.11 
3.1. Proof of {a) => (i). Assume that B has an equivalent norm which is q-uniformly convex. 

Let / e i?MOo(M,B) and take / = (a, b) such that < a <b < oo. We denote by 2/ the interval 
(0, oo) n {xj — \I\,xj + \I\) where xj = {a + b)/2. We decompose / as follows: 

/X(0,oo) = (/ - hl)X2I + (/ - /2/)X(0,oo)\27 + hi = fl + /2 + /s • 

We are going to show, for i = 1, 2, 3, 



(24) 



|]^f' /ll«,P.\/.)W|IS^ 



1/9 



<C||/|| 



BMOa 



where the constant C > depends neither on / nor on /. 
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Firstly, we prove (24l for z = 1. Note that |/ n (x - t, a; + t)\ ^ t, when x e I and < i < |/| 
We have that 



Jl 



(25) 



f- Jo Jl T^ 

-C C 11 \\tdtP^{h){x)\\ldz 

Jo J I J in(x-t.x+t) 



dxdt 



<C / / \\td,P,'ih)ix)\\l-^dz < C\\Sl4fi)\\h^o,o.y 

JlJV+(z) ^ 

By using Proposition 1 1 . 3 1 and John-Nirenberg's inequahty we get 

' 1 /-l^l /• dxdtV" /I ^'/« 

' ' ■\td,Phh){x)\\f-^\ <C' 



I/I 



J I 



t 



-j <c(^II^I+(/l)IIL(0.oo)) 



1 



-^ ' M L "^^^^ " ^''"■'^'' ' - ^"^"^*^°° 



l/« 



On the other hand, from [24, (b), p. 86] we deduce that 



\tdtPhx,y)\<C[P^{x,y)+t'{xy) 

(26) <CPhx,y)<C 

a 

\\tdtPt\f2){x)\\n <C 



(sin 61) 



2A-1 



{x^ +y^ +t'^ -2xycos9)^+^ 



de 



t 



t^ + (x - J/)2 

Then, we can write, for every x G / and i > 0, 

t 



x,y,t e (0,oo). 



<C 



(o.oo)\2/ t^ + {x- y)2 



(o,oo)\2/ ^^ + i^i - y)^ 



- |/|^^2'= \,2'=|/|j2.+,,n(o,oo) 
i ^ k 



f{y)- fiihdy 
\\f{y)- hiUdy 

f{y) - f2''+u\\Bdy + |l/2'=+i/ - /2/II: 



^C*-- 2_^ ^||/I1ba/o„(rj) < C*— -||/||bmo, 



,(R,B)- 



k=l 



Hence, 






I/I 



t« ^dt / dxl ||/||i3A/0„(R,B) 



<^ll/ll 



BMOa 



Finally, we show (24l for i = 3. Observe that in the classical case (see [2B]) this term does not 
appear because the corresponding integral vanishes. First of all, we notice that 

II/2/IIb ^ ^ / \\f{x)\\Mdx < ||/||BAfO„(R,B)- 



Then, in order to establish p4| for i = 3 it is sufficient to show that 
(27) 



™!f /|«,P,^,1,W|.^<C, 



where C > does not depend on /. 



By taking into account that \tdtP^{x,y)\ < CP^{x,y), x,y,t G (0,oo), (see (26)) we can write 

tdt / Pt\x,y)dy 



\tdtPX^)ix)\ <C l£ 'Pt\x,y)dy + 



According to p4t (b), p. 86] we have that. 



x/2 



/•CO \ 3 

/ PXx,y)dy]^cY,Jj{^:t)- 

J3x/2 ) ^^^ 



x/2 



{xy)H 



x^^+H 



(2^) ^i(-^^)<^X W^WTW^'^^'^W^W^-'^iT-x^ "'^"^''"^^ 
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(29) 
and 

(30) 



J2{x,t) <C 



32;/2 



ixy)H 



r.2X + l 



/2 [(x-2/)2+t2]A+l 



r^y-^72A+r' s,i€(o,oo), 



i-2X+ 



Mx,t)<c 



{xy)H 

3x/2 [(a; - yf + 



f \ f y 



<CxH 



1 T'^/^ 



<c- 



3^/2 (2/ + i)^+' (2: + t)^+i - i + X 



X, t e (0, 00). 



We need also to estimate J2 in a different way. The classical Poisson fcernel is introduced as 
follows 



J2(x,i)< 



3a:/2 



x/2 



tdt[Pt\x,y)-Pt{x~y)]dy 



3a;/2 

tdt I Pt{x-y)dy 

x/2 



— 2_^J2,]ix,t), x,t e {0,00). 



The function under the integral sign in J2,i is decomposed as follows 



tdt[Pt\x, y) ~Pt{x- y)] = P^{x, y) - Pt{x - y) 

_ ( AjxyYt'^XiX + l) r (sin 61)2^-1 2t^ 1 

io ((.T - y)2 + t2 + 2xtj(l - cos6l))^+2 " V((x-y)2 + f2)2 



V "" 

=(P,-^i(a;,y)-Pt(x-y)) + P,^2(a^,2/) 
/4(xy)^i3A(A+l) r/2 



\2A-1 



rde 



2<3 



1 



(31) 



TT 7o ((a;-y)2 + i2 + 2a;y(l-cos6l))^+2 tt ((a; - y)2 + ^2)2 

A{xy)H^\{\ + l) r (sin 0)2^-1 ,^ ^^ ^ 

^ '^^ ^ ^ ' ^ ^ d9, x,y,te (0,00), 



I" 7^/2 (a;2 + y2_^i2 _2a;j/cos6')^+2 



where as above Pj\ and P/'2 is defined in (10 1. 
Firstly note that 

(sin 61)2^-1 



A.3 



ixy)H- 



Tr/2 (^^ + y^ +t'^ — 2xy cos ( 



U+2 



de 



(32) 



<C- 



(xj/)^i 



f {smef^-^de<c 

Jii/2 



<CPl2{x,y) 
t 



x,y,te (0,00). 



{x + y + 1)2^+2 7^/2 ■ ■ xy 

Since sin0 ^ and 2(1 — cos0) ^ 9^, 6 £ [0, 7r/2]. by using the mean value theorem we obtain 



2{xy)H^X{X + l) r/2 



(sin( 



\2A-1 



,d9- 



< 



'0 {{x- yY + f2 + 2xy{l - cos 9))^+^ n {{x - y)^ + f^f 

2{xy)H^X{X+l) r/2 (gij^g,)2A-l_5,2A-l 



TT Jo ((x-y)2 + f2 + 2a;y(l-cos6l))^+2 

2(xy)^t3^(A + l) r/\2A-i/ 1 



d9 







((a; - j/)2 + f2 + 2.Tj/(l - cos 6l))^+2 ((x - y)2 + ^2 + a;?/6l2)^+2 



^6* 



2(xy)^i3^(A + l) r/2 



Q2A-1 



d9- 



f 



((a;-2;)2 + i2+.^y6l2)^+2 tt {{x - y)^ + 1^) 



A.3 



< C (xy)^t 



r/2 



^2A+1 



((a;-?/)2+t2+a;y6»2)A+2 



d6' + (a;y)^+H' 



A+1.3 



7r/2 



5/2A+3 



2A(A + 1) pV(x-yT^+t-^ u2^- 



((a;-y)2 + i2)2y^ 



rdw — 



((a;-y)2+t2 + a;2/6'2)>+3 
1 



d^ 



(l+u2)A+2 ((2._y)2_^i2)2 
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<Cf^ 



1 



V(— y)V'2 u^^+^ 



<cr 



xy{{x ~ yY + f^) Jo 
1 



rdu 



,2A-1 



(l+u2)A+2 ((X - y)2 + ^2)2 y^^^^ (1+^2) 

1 1 



A+2 



du 



-du 



xyi{x-yr+t^)Jo (1 + «T+' ((a:-2/)2+t2)2l + ^_|^7„ (1 + «2)A+i 



-du 



(33) 



<C — , a;,y,ie (0,oo). 
xy 

We have used that J^ u^^-^/{l + u^)^+^du = 1/(2A(A + 1)). 

Finally, by proceeding in a similar way and using that L u^'*'^^/(l + u'^)^^^du = 1/2A, we get 
, , , , , ,, 2(xy)^U r/'^ (sin 61)2^-1 



rde 



t 1 



< 



2(a;y)^U 



AfX /•'^/2 



7^ Jo ((a; -y)2 +<2 -|-2a;y(l - cos6'))^+i tt {x - y)'^ + f^ 

\2A-1 fl2A-l 



(sin0)2-^-i-02 



71- Jo i{x-y)^ +t^ + 2xy{l-cos9))^+^ 
2{xy)HX r'\2X-if 1 



dO 



{{x - y)2 + t2 + 2xy{l - cos 6l))^+i ((a; - y)2 + t2 + xye^Y+^ 



de 



2{xy)H\ r/2 Q 



2A-1 



rf6i- 



t 1 



((a;-y)2 +^2 +2;y6/2)A+i Tr{x-y)^+t'^ 



fTr/2 n2X+l /•n/2 /]2A+3 

\A+ / "^ ^o , f^^A^+i^ I 'l fig 



< C {xyyt / WKT-rde + {xyY+^t / ^„,,,„ 

y "' Jo ((.T-y)2+f2+2;y6l2)A+l 7q ((2,_y)2+^2+3,y5,2)A+2 



+t 



2A n\J (.-y)''+i' u2^-l 1 

(a;-y)2+t2 Jo (1 + ^2)^+1 " " (a;-y)2+i2 



<Ct 



-it/2 



rde 



1 



{x - y)^ + f^ + xy0^ (x - yY + ^2 /^ / ^^— - (l + m2)A+i 

2 Y (3:-y)2+f2 



,2A-1 



-du 



(34) 



<C— 1 + log 1- 



xy 



x,y,t e (0,oo), X y^y. 



Putting together (31l-(34) we obtain 



t /■3"/2 1 /, . / a;2 



J2Ax,t)<C- -(l + log(l 

X Jx/2 y 



I .n I I dy < C-, x,t e (0,cx)). 






Moreover, we have that 
J2.2{x,t) = 



r3x/2 

tdt 1 Pt{x~y)dy 

Jx/2 


2 

■K 


^ f°^ du ^t 





x/2 ^ 

tdt I — T^du 



^2 ^ y2 



tdt 



2 Jx/2t^+^' 



du 



<Ct -^ < C-, x,te (0,oo). 



Jx/2 " X 

Hence, it follows that 
(35) 



J2(x,i)<C-, x,te{0,oo). 



We now prove (27 1. Suppose firstly |/| < xj. Then, since q>2, 

{xi + lIlY fl^l 



-^+1^1/2 dx 



+ \r\)i /■l-'^l r drdf r"^ /"l^l r^i + \l\/- 



xi 



<C 



{xj-\I\/2Y 



<C, 



because \tdtPt^{l){x)\ < Ct/x, x,t e (0,cx)) (see (28), (30l and (350- 
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Assume now that |/| > xi. From (28 1 and (30 1 we deduce 



|J|9+1 



|/| 



^„dxdt C 

M.,tr—<jj- 



\i\ 



t"-' 



=/+i/i 



dx 



-dt<C, i = l,3. 



Finally, from ( 29 1 and ( 35 1 it follows that 

"1^1 /■ , , ,„dxdt C 
J2(x,t)« < 



|/|9+i 



t 



I 



Hence, (27 1 is established and the proof of (m) 



t_y dt 

x) T ' 

(i) is finished 



(t + x)i 

a;s (2A+l)g (It 



(f) 



t 



dx < C. 



n 



3.2. Proof of (i) => (ii). Assume that (z) holds. According to Proposition 1.3 in order to see that 
B has an equivalent g-uniformly convex norm it is enough to prove that there exists C > such 
that 



(36) 



li5^,+ (/)llL.(0,oo) < C||/|U,((o,oo),B), / e ^"((0,00),] 



Note firstly that (36 1 is a finite dimensional inequality in the following sense: if (36 1 holds when B 
is replaced by E, where E is a finite dimensional subspace of B, with a constant C > independent 
of E, then (36 1 is also true for every / e ^'^((0, oo), B) with the same constant C > 0. This fact is a 
consequence of the density of i'(0, oo) (g) B into L'^{{0, oo),B). Recall that every / e L''{0, cxo) (g) B 
can be written a,s f — J2^=i ^jfjj where bj £ B, fj £ i*(0, oo), j — 1, . . . ,n, and n G N. 

Let E be a subspace of B such that dimE < oo. Applying again Proposition |1.3| instead of 
proving (36 1 for functions taking values in E, it is sufficient to show that 

(37) \\Sl4f)\\LH0.oo)<C\\f\\HiiMM), f&Hl{R,E), 

being C > a constant independent of E. Moreover, (37 1 holds provided that, for a certain C > 0, 

(38) ||^I(/)||bmo(o,oo)<C||/|Uo.((o,oo),e), / e L-((0,oo),E), 

where LJ!°((0, oo),E) denotes the space of functions in i°°((0,oo),E) that have compact support. 
To make easier the reading of this part, the proof of that (38 1 implies (37 1 will be included in 
Section I5] (see Proposition 5.11. 



Observe that ( |38[ ) can be written as follows 
(39) \\tdtP,\f)ix + yy 



I BMO 



((0,oo),L?(r(0),^,E)) - C'll/IU~((0,oo),E), / G ir((0:Oo):IE). 



Inequality (39 1 will be proved by using duality. Our objective is to show that, there exists C > 



,,^,E' 



such that for every / e L^((0,oo),E) and h e H^ ('(0,oo),L«' Cr(0), 
(40) \{tdtPt^{f){x + y),h{x,y,t))\ < C\\f\\L^^^o,oo)M)\\h\\m({a^oo)M {r{o},^,E*))- 

Recalling the atomic definition of H^ ( (0, 00), L' ( r(0), -^, E* ) ) , by density arguments it is suf- 
ficient to prove (|40| for every / g L^((0,oo),E) and h £ Lf ('(0,oo),i«' ('r(0),^,E* 
i/i((0,oo),L9'(r(0),^,E*)). 

Let /e Lf ((0,oo),E) and h £ Lf ('(0,oo),L9' ('r(O), ^,E*^ V We can write, 



{tdtP^(J){x + y),h{x,v,t)) 



{tdtPt\f){x + y),h{x,y,t)) 



r(o) 



dtdy 
^2~ 



dx 



= lim 

N—nx 



{tdtPtHmx + y),hix,y,t)) 



dtdy 



dx. 



10 Jr„(o) 

where, for every A^ G N, the truncated cone rAr(O) is defined by 
(41) rjv(O) = {{y, t) e r(0) : 1/A < i < N). 

Note that the above limit exists because the integral is absolutely con verge nt. Indeed, for every 
X G (0,00), Sl{f){x) < 2i/«S'^^(/)(a;). Then, according to Proposition foj since dimE < 00, Si 
is bounded from L2((0,oo),E) into L'^{0,oo). By applying Holder's inequality and by taking into 
account that / and h have compact support we deduce that the integral under analysis is absolutely 
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convergent . 

Interchanging the order of integration we get 

/•OO 

(42) {tdtPHfHx + y),h{x,y,t)) ^ \im {f{z),^N(h){z))dz, 

where, for each N E N, 

^N{h){z)^ I / tdtPt^{x + y,z)h{x,y,t)dx—^, z e {0,oo). 

"'rjv(o)"'o ^ 

The interchange in the order of integration is justified because by using Holder's inequahty we 

obtain 

dtdy 



OO /'OO 



\tdtPtix + y,z)\\\h{x,y,t)\\E^\\f{z)\\i 



Jo "TjvlO) 

^C'||/||ioo((o,oo),E) 



(/ \tdtP,\x + y,z)\ 
\"'r„(o) 



t^ 



pp(j) J suppih) \Jr„(o) 
dtdy 



-dxdz 



\Kx,y,t)\\i,^^ 



1/9' 



i2 



dxdz 



<C\\f\\ 



\h\ 



(43) 



L°°((0,oo),E)ll"'llL°-((0,oo),L9'(r(0),^,E*)) 



A^., .M?^ 



supp(/) Jsupp{h) wrjv(a:) 



1/9 



\tdtPtiy,z)\ 



i2 



da;dz, iV e N. 



Then, since supp(/) and supp(/i) are compact, by using (12 1 and (13) we conclude that 



OO /"OO 



\tdtPt\^ + y,mH^.y,mE4m\\ 



dtdy 

'^2- 



dxdz < cx), N eN. 



/o JQ Jrjv(o) 
For the incoming reasoning it is convenient to consider the operator 

g^tdtPt\'i'N{9)){x + y). 

In order to make this proof more legible the main properties of this operator will be shown in 
Section Is] (Appendix 2) . 

By interchanging the order of integration we can write, for each x,t ^ (0, oo), y GM., and N E N, 

fOO f /"OO 7 J 

tdtPt^{^N{h)){x + y)^ / / tdtPt^{x + y,z)sdsP,^{v + u,z)h{v,u,s)dvA^dz 

Jo Jriv(o)Jo ■s 

/•OO p ri 1-1 

(44) =/ / k^^{x,y;u,v)h{v,u,s) — ^dv = ^Nih)ix,y,t), 

Jo Jr^io) ^ 

where the kernel k^^ is given by 



kg f.{x,y;u,v) — / tdtPf {x + y,z)sdsPs {v + u,z)dz, v, x, s,t € {0,oo), u, y <E M. 

The interchange in the order of integration is justified because the integral is absolutely convergent. 
Indeed, according to (|4]), (12 1 and (13 1 we have that 

\tdtPt^{x + y,z)\ \sdsP^{v + u,z)\ ||/i(w, u, s)||e- — i^dvdz 
/o Jo Jrjv(o) 5 

1/?' 



OO /'OO 



<c 



tz^ 
\x + y\- z\+ t)^+2 7,upp(^) \Jr„(o) 

1/9 



\h{v,u,s)\\l,^ 



dsdu 



\sdsP,^iv + u,z)\'^ 



dsdu 



dvdz < CX), x,t G (0,oo), y G M, iV G N. 



rjv(o) 



In Sectionp] Proposition 5.2 we establish that the sequence of operators {^TvliVeN is uniformly 



bounded from H 



i((0,oo),27(r(0),^,E*))intoLi((0,cx)),L^'(r(0),^,E*)). 
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We now return back to ( |42| . Let A^ e N. We can write 

/•CO /-oo 



(45) 



{f{z),^Nih){z))dz = 4 / {tdtPHf)iy),tdtPti^Nih)){y)) 



dydt 



'0 Jo Jo '- 

This equality can be shown by proceeding as in the proof of [6, Proposition 4.4] and by taking into 
account the following facts: 

. /eLr((o,oo),E). 

• {l + z'^Y'^^Nih) e Li((0,cx)),E*). Indeed, arguing as in (|43| it can be proved that ^N{h) G 
L-((0,oo),E*). 

• Since condition (i) is assumed, if we define 



1 



|/| 



q(/)(:r)=lsup^y^ j^\\tdtP^\f){v)\\l^\ > a;e(0,oo), 

where the supremuni is taken over all bounded intervals / C (0, oo) such that x (z I, then 
C«(/)eL-(0,(x)). 

• $jv(/i) e Lif(0,oo),L«' ('r(0),^,E*j') because h e i?i ((0, c5o), L"?' ('r(O), ^,E*)') 

(Proposition 5.2). 

By using Holder's inequality and ( [45| if follows that (see [H", Proposition 4.3]) 

{f{z),^N{h){z))dz <C Cl(f){x)Sl4^N{h)){x)dx 
Jo 

<C\\Cl{f)\\L^iO,oo)\\Si+{^N{hmLHO.ooy 

Finally, since (i) holds we get 

\{tdtPt^{f){x + y),h{x,y,t))\ < C||C|(/)||loo(o,oo) limsup ||$Ar(/i)||^i/,Q^^. ^,,/p,Q. dtd^ ^.-.n 

< C'll/o||sMO„(R,E)||/l||//i((o,oo),L9'(r(0),^,E*))' 

being fo the odd extension of / to M. 
Thus the proof of (m) is completed. 

n 



4. Proof of Theorem 11.21 
4.1. Proof of (m) ^ (i). Assume that (ii) holds. Let / be an odd B-valued function such that 

j;^\\fiz)\wii + z^)dz<^. If 



1 



sup 



/ l/l 



\I\ 



\tdtPHf)iy)\\': 



, dydt 

* t 



oo, 



/o Ji 

where the supremuni is taken over all the bounded intervals / C (0,cx)), we have nothing to prove. 
Assume that 

1 r\n 

sup 



I/I 



\\td,pXf){y)\\l'^<^- 



I \^Jo Ji " t 

According to [6, Propositions 4.3 and 4.4], for every g e L^(0,oo) (g) ^ 

dydt 



{f{x),g{x))dx 



OO /"OO 



{td,P^{f){y),tdtP^{g){y)) 



t 



(46) <C / Cl{f)ix)Sl^ig){x)dx<C\\Clif)\\L^^o,oo)\\Sl4g)\\LHo,oo), 

Jo 

being 



1^1 



q(/)(a:)= (sup^yj^ \\td,P,Hf){y)\\l^ 



1/9 



X E (0, oo). 



and 



Sl4g)ix)={ I \\td,P,\g)iy)\\i^ 



1/9' 



r+{x) 



t' 



, x e (0,00). 
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Moreover, by using |29l CoUoraries 2.6 and 3.2] and Proposition 1.3 we deduce that 

(47) ll<+(.9)IUi(o,oo)<C||ff||Hi(K,B*), 9eHl{R,m*). 

Let / = (a, 6), being < a < & < oo. By applying [17', Lemma 2.3] and taking into account that 
CJJJWR* = L2(/,B*) and (/ - //)/ = 0, we obtain, 



\I\Ji 



Ifi^) - fiWldx 



1/2 



-TJnj2 fP 

llfflli2(jB.)<l 



(fix) - fi,g{x))dx 



sup 



//w^^)"- 



If g e Cc(/)«)B* it is clear that /i = {g - gi)xi/'2\I\^^^ is a 2-atom in (0, oo) for H^{1 
supp(/i) C I, hj = and 

2\i/2 



*), because 






||(7(a;)||B»rfa; 



< 



/|l/2- 



Hence, by applying (46 1 and (47 1, we deduce 

1 /9 



sup 
sec, 

lffllt2(7,B*)<l 



5-5/ 



2|/|i/2 



_H"i(K,B* 



<CrI(/)llL~(0,oo). 



Suppose now that / = (0, /?), for some /3 > 0. By proceeding as before we get 



1 



1/2 



/(a;)||Bc'a; 



sup 

3eCc(0,/3)«)B* 



Il9llt2 



t2((0,3),l*) 



<1 



^ (/(x),|g)d. 



and the same conclusion follows because h — gx{o p-^/ P^^"^ satisfies supp(ft.) C [0, /3] and ||/i||^2((o oo) b*) ^ 
I//31/2. 



Thus (i) is established. 



n 



4.2. Proof of {i) =^ [ii). Suppose that (z) holds. In order to see [ii), according to Proposition 1.3 
|29l CoUoraries 2.6 and 3.2] and (Isl), we prove that, for some C > 0, 

(48) ll^f(.9)llL.'(o,oo)<C|l5llL.'((o,oo),B.), 5eL«'((0,oo),B*). 
Moreover, it is sufficient to see that, there exists C > such that 

(49) ll5f(5)llL,'(o,oo)<C|l5llL.'((o,oo),E.), 5ei«'((0,cx)),E*), 

for every subspace E of B, being dimE < cx). Indeed, assume that ( [49| ) holds and take g € 
L«'((0,cx)),B*). By flT', Lemma 2.3], we can write 

ll-S"^ (5)IIl5'(o,oo) = ll^^t^t^^(5)(a; + 2/)|lL,'((o,oo)xr(o),^d:r3*) 



sup 

GeL" ((0,00) xr(0),^da:,B) 

" "-L'!((0,oo)xr(0),^^^dx,l) — 



sup 

ll'^lli<j((0,oo)xr(0).i^dx,B)-^ 



{tdtPt\g){x + y),G{x,y,t)) 



Jr{Q) 



Jr{Q) 



{tdtPt\g){x + y),G{x,y,t)) 



dtdy 
~1^ 



dtdy 



dx 



dx 



Observe that in the last equality we have applied that L'^ ( (0, 00) x r(0), -^dx) (X)B is a dense sub- 
space of L« ('(0,cx)) X T{0),^dx,RY Fixe > 0. There exists G G L« ((0,oo) x T{0),^dx](SB, 
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< 1 and 



L<! ((0,00) X r(0) , ^da;,B) 



{tdtPC{g){x + y),G{x,y,t)) 



dtdy 



dx 



+ £, 



N. If we 



/o "'r(o) 

being G = YTj=i ^jGj, a, G B, Gj £ L^ ({0, 00) x r(0), ^dx] , j = 1, . . . , n and n G 
define E = span{aj}"^j^, it is clear that 

{tdtPt\g){x + y), G{x, y, i))B.xB ={tdtPt\9){x + y), G{x, y, i))E*xE, x G (0, 00), {y, t) G r(0), 

because every element of B* can be seen by restriction as an element of E*. Hence, by Holder's 
inequality and ( 49 ) we conclude that 



Pa (5) II l?' (0,00) 



< 



"'r(o) 

A/ 



{tdtPt\9)ix + y),G{x,y,t))E-., 



dtdy 

E-^dx 



< \\tdtPt i9)i^ + y)\\Li' ({0,co)xr{0).!i^dxM')\\G\\Li({0,oo)xr{0),!^dxM) +' 

< C'II5|Il5'((o,oo),e*) +£ < C!\\9\\l'>'{{o,oo),M')+^^ 



and this gives ( 48 ) . 



Let E be a finite dimensional subspace of B. In order to prove (49), by the equivalences shown 



in Proposition 1 1.3[ we are going to see that there exists C > 0, independent of E, such that 
\\SI{9)\\lho,oo) < C\\g\\Hi(^M,E'), 9 e HliR,E*). 

Fix g G iJ„i(M,E*). We denote, for every N e N, En ^ L^ ( rAr(O), ^^,E j , where the tr 

cated cone rjv(O) is defined in (41 1. By invoking P^l Corollary HI. 2. 13] we have that E^ 
dtdy 



LI r(o), 



i2 



E* and (Li((0,oo),E^)) = L°°((0, oo),EAr). 



It is clear that 



si{g){x)=Y.^ If \\td,P,\g)ix + y)\\i^ 



1/9' 



X G (0,00) 



/r„(o) 
Let m G N and iV G N. Assume that G G L^([0,oo),E*). Estimations Q, ([l2| and ([l3| lead to 

^ _^^ \ dx 

'rjv(o) " ^ " 

l-NJl/N \JsuppiG) Uk + y| - ^1 + t)^+2 
/•N pN / / p p 

<c ,' 

' -W Jl/Af \ \ Jsupp(G)n[0,2(m+Ar)] Jsupp(G)n[2(m+Af),oo) 



<c 



\td,P,\G)ix + y)\\i^ 



rN pN 



|G(z)||B.rfz 



t2 



dx 



tz^ 



(||x + y|-z|+t)^+2 

<G||G||ioo((o,oo),E*) 



|G(z)|U.dz 



dtdy 
1^ 



1/9' 



dx 




/o \J-nJi/n 
<G||G||loc((o^oo),e*)|supp(G)|, 
where G > does not depend on G. 






supp(G) 




Hence, recalling the atomic representation of the elements of H^{R, E*) we deduce that tdtP^{g) G 



i2 



-,E^ 
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According to fTT] Lemma 2.3] we have that 



rN(o) 






1/9' 



\tdtPH9)i^ + y)\\l 



Li(0,m) 



sup 

heL°°((0,m),Ejv) 

ll'»lli«:((0,m),Ejv)<l 



^r„(o) 



{tdtPt\g)ix + y),h{x,y,t))^dx 



Let /i e L°°((0, m),EAr) such that ||/i||Lo°((o,m).E„) < 1- By using Holder's inequahty and repeating 
the above manipulations we can see that 

/ / / \{tdtP^ix + y,z)g{z),h{x,y,t))\dz— -^dx < 00. 

Jo Jrjv(o)Jo f^ 

Then, we can interchange the order of integration to write 

dtdy 



/o Jr„(o) 
where, as above. 



{tdtPt {g){x + y),h{x,y,t))---dx^ / {g{z),'^N{X{o,m){x)h){z))dz, 



^n{H){z) 



rjv(o) "'0 



tdtPt(x + y,z)H{x,y,t)dx^i^, z G (0,oo) 



According to (M| and (26|) we get 

l*A'(X(0,m)(a;)^)(z)|lE„ < 



Jr„(o) 



|tatFt-'(x + 2/,z)| |l/i(x,2/,i)|| 



dtdy 



dx 



<C 



<c 



t 



Jr„{o) i\x + y\ - zf + t^ 



WKx, y,t)\\¥,—^dx 



t' 



dtdy 



1/9' 



/O \J-N Ji/N\{\x + y\- zf +'t'^ J t^ J 

where C > depends on m and A'^. Thus, this function is locally integrable. 



dx <C, z £ (0, cx)), 



(50) 



Suppose for a moment that there exists C > independent of E, to and A^ e N such that 

1 r\n 



Tm 



^/ 



,A,,T, /,^ MA^^MI?^ <^ 



|ta,P,-^(vI'^,(x(o,,„)/i))(a:)||^ 



t 



where the supremum is taken over all the bounded intervals / C (0,cx)). Since (i) holds, by using 
duality, ( 50 1 leads to 

{g{z),-^ N{X(a,rn){x)h){z))dz < C||g||Hi(R,E*)|| (*Af(X(0,m)(a;)/l))^ ||i3MOo(R,E) 

< C'||.g||fl-i(R_E.), 
where C depends neither on m,N £ N nor on E. 

We conclude, by taking 777, — > 00, that 



rjv(o) 



it9,p,^(g)(x+2/)ii^:^ 



1/9' 



< C'll.9l|//i(R,E*), 



Li(0,oo) 

where C > is independent of A G N, and by taking N ~> 00, it follows that 

\\Sl (.9) II Li (0,00) <C||.9ll//i(K,E')- 



We now prove (50 1. Fix to,A^ e N and a bounded interval / C (0, 00). We decompose H„ 

X(o.m)^ as follows 

H,n = HmX2I + HmX{0,oo)\2I ~ Hjn + ^m- 
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By proceeding as in (25) and by using Proposition 5.2 we get 



\I\ 

(51) 



Ji 



t \I\ Jo 



1 



<C-r\\^NiH, 



1 \l\1 



1 



)"L((0,oo),L5(r(0),^,E)) - ^\J\ J^j ll-^™(^'^'*)IIL^^ - <^ll^llL-((0,m),E„) 



<C, 



where C > does not depend on m and N. Here $Ar is defined as in (44 1. 
On the other hand, for each x,t E (0, oo), 



We claim that 
(52) \kUx,y;u,v)\<C 



dsdu 



|fc6-.t(a;,0;w,'y)|||/i(u,u,s)||E — i^dv 



{0,m)\2I JTn{0) 
St 



x + y\-\u + v\\+s + tY 



, v,x,s,t G (0,oo), u,y e 



Indeed, let v, x, s,t d (0, oo) and u, j; e M. Since {P^ }t>o is a semigroup of operators we have that 



P,\x,z)P^^{z,y)dz^P,\^{x,y) 



Then, we can write 



k^f{x,y;u,v) =tsdtds / Pi {x + y, z)P^ {z,u + v)dz = tsdtdsPf+si^ + 1/^"^ + v) 
Jo 

=tsd^P^{x + y,u + v)\r^t+s- 



By m in the bottom of the p. 280] it follows that (|52]) holds 



From (52 1 we deduce that, for every x,v,t d (0, oo), 

ks.t{x,Q;U,v)\\\h{v,U,s)\\E ^ < |l^|lL~((0,m),E„) 

r«(o) ^ V"'r„(o) 

\ 1/9' 



<Ct 



dsdu 



<Ct 



ksAx,0;u,v)\ 



du 



I dsdu 



1/9' 



/|u| (k- |w + w||+S + t)29'+2y - yj^(\x-\u + v\\ + \u\+t)^l' + l 

In order to estimate the last integral we distinguish several cases. We have that 



1/9' 



du 



< 



\x~v\ 



du 



du 



{\x~u~v\+u + t)^i'+i -J^ (|x-u|+t)29'+i y|^_^| (-|a;-w| + 2ii + t)29'+i 

C 



<- 



x,v,t ^ (0, 00), 



and 



du 



< 



i\x-v\ +i)29' 
inax{niin{t',a:— iiIjO} j 



(y-^-\u-v\\+u + t)^^i'+^ JO 

du 



<- 



max{min{ii,a: — ti},0} l^^ ^~ ^ X -\- t) 

c 



(x-U + f)29' + l 
^+" du 



du 



{X + V + i)29' + l J^^^ (2m - X - W + t)29' + l 



(\X-V\ +t)29' 

Hence, we obtain 



x,v,t £ (0, 00). 



\kUx,0;u,v)\\\hiv,u,s)\k^ < C * 



X,V,t £ (0,00). 



/r„(o) s- i\x-v\+ty 

Finally, we deduce 

(53) ^ /'" f\\td,P,H^^iHl))ix)\\l^ < C^ r ft^-'l I 

\I\ Jo J I t \I\ Jo J I \J(0,oo)\2/ k - V\ 

where C > depends neither on m, N nor on /. 



dv 



dxdt < C, 
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By combining (51 1 and (53) we establish (50). 
Thus the proof of this theorem is completed. 



n 



5. Appendices 
In this section we show two results that have been very useful in the proof of Theorems |1.1| and 

5.1. Appendix 1. The following property was used in Subsection |3.2[ 
Proposition 5.1. Let M be a Banach space, A > and 2 < q < oo. Suppose that 

(54) l|5K/)llsMO(o.oo)<C7||/|Uoo((o,^)3), /eL-((0,(X)),B). 
Then, 

(55) ll^I+(/)IUi(o,oo)<C||/|Ui(M,„), feHl{R,m). 

Proof. According to ^ to show (55) it is sufficient to see that, for every / G i7o(M,B), 

(56) I|5^(/)IIli(o,oo)<C||/|Ui(e,b). 

Let / G H^{M.,M). We write / = J27Li-^j'^j o^i (0,oo) where, for every j G N, aj is an o-atom 
and Xj G C, being X]i=i l-^il *^ ^^- Here by o-atom we mean the class of atoms defined in the 
introduction, as follows: a is an cx)-atom supported on (0, oo) or a = ^X(o.<5)/^! for ^ certain 6 G B, 
being ||&||i = 1 and 6 > 0. 

We have that 



dt P^[v,z)f{z)dz^Y.^J dtPt\y,z)a,{z)dz, tG(0,(X)), yGM. 

Jo j^^ Jo 

This equality is justified because the serie 

oo />oo 

^|A,| / \dtP,\y,z)\\\a,{z)\Udz 

3 = 1 ^0 

is uniformly convergent in y G M ant t E K, for every compact subset K C (0,oo). Indeed, let K 
be a compact subset of (0, oo). By (H and (26) we get 

\dtPt\y,z)\<C, teK, yeR, ze (0,00). 

Then, since Uj is an o-atom, for every j G N, it follows that 

oo „oo oo 

^|A,|/ \dtPt\y,z)\\\a,{z)\\ndz<Cj2\^j\<^, teK,yeR. 

.7 = 1 -^0 .7 = 1 



Hence, we can write 



Sl{f){x 




r{x) 



r(x) 



t9tP,M£A,aJ (y) 



vJ = l 



1/9 



dtdy 



Y,\,tdtPno^3)iy) 

3 = 1 



1/9 



dtdy 
^2" 



<^|A,|5^(a,)(a;), a;G(0,oo). 
i=i 



In order to see ( 56 ) it is sufficient to show that there exists C > such that 

(57) I|5^(«)I!li(o,oo) < c, 

for every o-atom a. 



To prove (57) we use a procedure employed by Journe i \21\ p. 49-51]). Let a be an o-atom 
supported in the interval I — [zq — \I\/2,zq + |/|/2) C (0, oo) and ||a||Loo((o_oo),B) < l/l^l- We de- 
note again 2/ — (zo~ 1^1, 2o + |/|)n(0,oo) and by J we represent the interval (zq + I^I, 2o + |/| + |2/|). 
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By [m Lemma 1.1 (b), p. 217] and (54 1 we get 



Sl{a){x)dx < 



12/ 



2/ 



2/1 



2/ 



\Sl{a){x) - Sl{ahi\dx + \Sl{ahi - Sl{a)j\ + Sl{a)j 



<C\\Sl{a 



C 



A(a)llBA/o(o,oo) + Sl{a)j < C||a|lL=o((o,oo),B) + Sl{a)j < Tyr + Sl{a)j 



Hence, since J C (0, cx)) \ 2/ and \J\ = |2/|, 



\Sl{a)\\ 
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^AV-;ilLi(o,oo) = / Sl{a){x)dx + I Sl(a){x)dx <C+ \2I\Sl{a)j 



(0,oo)\2/ 



(0,oo)\2/ 



Sl{a){x)dx 



<C( 1+ / Sl{a){x)dx 

'(0,oo)\2/ , 



By writing P^^iy, z) = Pi^i(y, z) + P^-Jy, z), t, z € {0,oo), y e M, where 



PtMv,^) 



2X{\y\z)H 



A+ /•ir/2 



(sin 61) 



2A-1 



[(|2/|-z)2 + f2 + 2|y|z(l-cos(?)]^+i 



de, 



it follows that 



Sl{a){x)dx < 



(0,oo)\2/ 



(58) 



(0,oo)\2/ 



(0,oo)\2/ 



tdtP^-^[y,z)a{z)dz 



dx 



Li(r{x),ii^,K) 



tdtPl:2{y,z)a{z)dz 



dx. 



Li(r{x),^,B) 



According to ^ and (15 1 and using Minkowski's inequality we have that 



/ / 

J(0.oo)\2I JQ 



'(0,oo)\2/ 

<2 



tdtPt\iy,z)a{z)dz 



dx 



(0,oo)\2/ 



Li(rix),^,M) 

' ¥^tPt^.2iy^^)\\Li(r+(x),^) \Hz)\\mdzdx 



(0,oo)\2/ 



c 



-"" ' L WT^)^MM«'^^'^^ ^jrj/ ...^^ (, + ,)..! 



dxdz 



C 



<^ z 



A 



C(/) 



\I\Ji \izo + \I\ + zy ^' '\z^ (zo-|/|+z)> 



dz < C, 



where C > does not depend on a. Here c(/) = 0, when zq < \I\, and c(/) = 1, provided that 

zo > |/|. 



We now deal with the integral involving P^i in (58 1. Assume first that a — bx(o.s)/S; where 
6 > and 6 G B such that ||6||b — 1- By using Minkowski's inequality and (14 1 it follows that 



/ / 



< 



tdtPt\{y,z)a{z)dz 



m 



L<!(r(a;),^,B) 



dx < 

dtdy j^\ 



oo c5 



c 



'■'sL Jo ll'^*^M(2/'^)IL,(r,(.),^)^^^^^I 
where C > is independent of a. 



2<5 



S /'OO 



tdtPt\{y,z)dz 



dx 



dx 



L'!(r(x),^) 



,' Lw^^''-'' 
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Suppose now that J, a{z)dz — 0. By the fundamental theorem of calculus and Minkowski's 
inequality we can write 



/ / 



< 



tdtPt\iy,z)a{z)dz 



dx 



(0,oo)\2/ 



(0,oo)\2/ 



L<!(r(x),^,B) 

[tdtPt\{y, z) - tdtPt^iy, zo)] a{z)dz 



dx 



L9(r(x),^,B) 



||a(2)||B||tatPti(y,z)-iafFt_i(2/,zo)||i,(P(^)_d^) 



dzdx 



< 



(0,co)\2/ J I 



li5t5«^M(y>w)llL9(r(a;),^) 



du 



dzdx. 



We are going to see that 
1 



(59) 



(0,oo)\2/ J I 



\tdtduPt\{y,u) 



\Li(r{x), 



dzdx < C, 



where C > does not depend on /. 

We have that, for every m, t € (0, oo) and y ^M., 

2\^\y\^u^-^ r/2 (sin6l)2^-i 



dtduPt\{y,u)=- 



TT 7o [{\y\-uY + f^ + 2\y\u{l-cos6)Y+^ 

4A2(A + l)|y|^u^-ii2 r/2 (sin0)2^-i 



d9 



de 



TT 7o [(|y|-u)2+t2+2|y|u(l-cose')]^+2 

A\{\ + l){\y\uY r'^ (sing)2>-M(u-M) + M(l-cos0)] 
Jo [{\y\-uf +t^^2\y\u{l- COB e)Y+^ 
^\{\ + l){X + 2){\y\u)H^ r'^ (sin0)2^-i[(w-|y|) + |2/|(l-cos0)] 

Jo 



Since sin 61 ~ 9 and 2(1 — cos( 



^ Jo [{\y\~uY+f^ + 2\y\u{l-cose)Y+^ 

f, when B e [0,7r/2], it follows that 



d6. 



\dtduPh[y,u)\<C\u 



A-l 



7r/2 



\y 



A/)2A-1 



[(|y|-7.)2+<2 + |y|^02]A+l 



d0 + u 



7r/2 



|A/)2A-1 



|y|-w)2+<2 + |y|y5)2]A+3/2 



^6* 



=C(A,^(2;,u) + St\y,w)), u, t e (0, oo), y e 
We analyze firstly A^(y,u). Assume < A < 1. We get 
\y\^d^ / ^ (|2;|u6'2)V2 



<C 



< 



c 



2/|-u)2+i2 + |y|^02]A+l - [(|y|_u)2+i2 + |y|y02]A+l - (||y|_y|+t) 



A+2 



, < |y| < 27/, 



and 



<C 



< 



C 



y\ - U)2 + t2 + |y|it6'2]^+l - [{\y\ - m)2 + <2]A+1 - (||y| _ y| + i)A+2 ^ 



< 2u < \y\ 



Hence, 



,A-1 



A^iy,u)<C- 



r, u,te (0,oo), ye 



,A-1 



\y\-u\ + t)^+^-^ 
By proceeding as in (Q we obtain 

P^^(y>w)llL<j(r(r.),^) ^ C'll*^^(y'^*)llL<i(r+(^),^) ^ C' l " ^|A+l ' "'^ ^ (0,oo). 

Also notice that 

/ 

J(o 



dx C 

/(0,oo)\2/ \X^Z0\'+' - W 
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and that jx — u| > |a; — zo|/2 provided that u G / and x G (0, oo) \ 21. By combining these facts we 
conclude 



(0,oo)\2/ J I 



< 



c 



C 



dzdx < 



C 



dx 



(0,oo)\2/ F ~ ^0 



A+1 



u^^^du 



dz 



z^ - z^\dz = 



(60) 



< 



C /"i^i/^ 



|/|A+1 



1^1/2 



[{zo + wY - z^\dw + I [z^ - {zo + wy]dv 

|J|/2 



|/|A+1 



dw < C. 



We have used that (a + fe)" < a" + b", when a, & > and < a < 1. 



Suppose now A > 1. We have that 



Atiy,u) = 



A-l 



\y\o 



:de 



V(|j/|-^*)^ + ^^ + |y|^*^V {\y\ - uY + t^ + \y\u9^y 

<C r j^ J^^l^i I .,,, de^CAl{y,u), u,fe(0,oo), ye 

io [(|y|-M)^ + t^ + |y|M6'2]2 



Then, by using what we have proved in the above case we get 



(61) 



1 



(0,oo)\2/ J I 



\tA^iy,u)\\ 



Li(r{x}, 



\du 



dzdx < C. 



Finally, to treat the term B^{y, u) we make the change of variables 9 = (t)\/{\y\ — u)^ + t'^/\/\y\'i 
and we obtain 



{\\y\-u\+tY Jq (1 + 02)A+1/2 (^\\y\^u\+tY 



As above it follows that 
1 

\T\ 



(62) 



(0,oo)\2/ J I 



\tBtiy,u)\\^,(j,^^^,i^-jdu 



dzdx < C. 



Note that the constants C in (60 1, (61 1 and (62 1 do not depend on /. Thus (59) is shown. 



Putting together all the estimations that we have just obtained, (57) is proved and the proof of 
this proposition is finished. D 



5.2. Appendix 2. In this part we study in detail the operator ^n, N (z N, which appears in Sub- 
sections 3.2 and 4.2 We prove that the sequence {^jvIatsn can be seen as a uniform (in a suitable 



sense) family of vector valued Calderon-Zygmund operators. Consequently, the mapping properties 
that we need for $7v, -/V G N, follow from the general theory ([28 ). 

dydt 



Let B be a Banach space, 1 < g < 00 and N eN. For every h e L^ (0, 00), L« rAr(O) 



we define 



$Ar(/i)(a;,y,t) 



k^f.{x,y;u,v)h{v,u,s) — ^dv, a;,ie(0,oo), ye 



where 



ksA^,y]u,v) 



"'r„(o) 



tdtPf {x + y, z)sdsPg {v + u, z)dz, v, x,s,t € (0, cxo), u,y € 



In Subsection 3.2 it was proved that the integral defining ^N{h){x, y, t) is absolutely convergent for 

^^,B) ), a;,i e (0,00), y e M and 2 < q < 00. Notice that 



every /ieL-( (0,00), L?( Fat (0), 



this property is also true for \ < q <2. 



To simplify the notation we write in the sequel V^ = L'^ { F(0) 



dtdy 
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Lemma 5.1. Let M be a Banach space, A > and 1 < q < oo. Then, for every N Cz N, the operator 
$jv is bounded from L'^((0,od),¥'^) into itself. Moreover, there exists C > such that, for every 

N eN, 

\\'^n{9)\\ Li ao..oc).¥i) < C\\g\\Li{{o,oo),¥i), 9 G i'^((0,oo),F'?). 

Proof Let iV e N and g e i9((o, oo), F«). Holder's inequality implies that 
\<^Ni9){x,y,t)\<i f f \klt{x,y;u,v)\^dv] 

X / / \k^^{x,y■,u,v)\\\g{v,u,s)\\l — i^dv] , a;,i e (0, oo), y e M. 

V-'o Jr„(o) s I 



By ([521 it follows that 
(63) 



dsdu , „ f f°° st , dsdu „ f°° t 



^r„(o) s ^r(o)^ (^ + s + i)-^ s^ Jg (s + i)^ 



Note that C does not depend on N. Now (|63| leads to 






< ^II5|Il'J((0,oo),F9)- 

n 

In the next lemma we introduce, for every N G N, a, family {K^{x, v)}x^ve(o.oD). x^v of bounded 
operators in F'. We prove that K^{x,v), x,v G (0,oo), x y^ v, satisfies the standard Calderon- 
Zygmund conditions uniformly in A^ € N. 

Lemma 5.2. Let M be a Banach space, A > 1 and 1 < q < oo. For every N (z N, and x,v d (0, oo), 
X j^ V, we define 

K^ix,v)ih){y,t) = klt{x,y;u,v)hiu,s)^, he¥^. 

"'rjv(o) « 

Then, 

(a) K^{x,v), N gN, is bounded from W into itself and there exists C > such that for every 
N gN and x,v G (0, oo), x ^ v, 

\\K>^{x,v){h)\\r, < ^^||/i||f,, h e F«. 
\x — v\ 

(b) There exits C > such that, for every N (z N, 

UK^{xi,v) ~ K^{x2,v)){h)y. <C"' 



xi — up 



being h gV^ and \xi — v\ > 2|xi — X2\, xi, X2, v G (0, oo). 
(c) There exits C > such that, for every N G N, 

\\{K^{x,vi)-K^{x,V2)){h)\\^,<c \'''~''fj h\\j,,, 

\Vi — xY' 

being ft, e F'' and \x — v\\ > 2|ui — V2\, a;,'yi,ti2 G (0,oo). 
Proof, (a) Note firstly that if ft G F"? we have that, for every N eN and v,x E (0, oo), with x j^ v, 

(\ 111 ^ 

/ \kUx,y,u,vW"^-^\ ^ 
"'rjv(o) s 

<c\\ (f \kUo,y;uM^''^Y' '^\ \\hh^ 

/r+(x) \Jr+{v) s I t 



28 J.J. BETANCOR, A.J. CASTRO, AND L. RODRlGUEZ-MESA 

being C > independent of N. Then, (a) is established when we prove that for a certain C > 

(64) U^ (j^ ^^^\kl,{Q,y;uM'''^-^\ ^1 <n:^. :r,«e(0,oo), x^«. 
We write 



where P^i{y,u) and P/'alj/j'") ^^e given by (10). We have that 



2pA . ^ _ 12A(A + 1)MV r/' (sing)^^-^ 

y,i-,_i^y,u; ^ j^ [{y~u)^+r^+2yu(l-cose)]^+^ 

8A(A + l)(A + 2)(yw)V3 ^/^ (sin6')2^-i 

do 



^ Jo [(y - ")^ + r2 + 2yu(l - cos 6)]^+^ 

=£^1(2/, u) +/:^2(y>'"): r,y,u& (0,00). 

It is clear that |£^2(2/)'")l ^ C'l'^r i(2/j'")I; ''j2/:'^ € (0, 00). Moreover, by taking into account 
that sin6' ^ and 2(1 — cos6') ~ 9'^, when 9 E [0,7r/2], and making the change of variables 
9 = a/Ij/ — Mp + r'^4'/y/wy, we get 



/•7r/2 fl2A-l /^ 

Then, since \y — u\ +t + s r^ \x — v\ +t + s, when {y,t) G r+(a;) and (m, s) G r+(ti), we obtain 

/ ' \ 1/9 

q/q \ /'i 



,2dA /„ „,^ iq'dsdw \ (My 

r+(:E) V-'r+(„) s^ J t^ 



std',P,^^^{y,u)\r=s+t\'' 

Of VI 

\qlq \ /'^ 



< C I / i«-2 ( / f^ r:^dsdu ] dtdy 

f f°° f f^"^ \ c 

\Jo J\y~x\<t[\x-v\+tY'i J \X-V\ 

In a similar way we can get that 

X 9/9' \ ^/"^ 

sia2pA^(y,^,)l^^^^^|9'^ j ^ <^^' x,«e(0,oo), x^v. 

r+(a;) \Jr+iv) SI t I \x- v\ 



Hence (64 1 is established and (a) is proved. 
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(6) By proceeding as above and using Minkowski's inequality we can see that 

\\K^ixi,v){h)-K^^{x2,v){h)\\ 



¥i 



< 



< 



< 



r(o) V Jr(o) 



g/g' 



1/9 



\ks,tixi,yiu,v)~' k^, {x2,y; u, v) \ 



I dsdu \ dtdy 



r(o) \ Jr(o) 



\dzk^t{z,y;u,v)\dz 



I \ qjq 

"^ dsdu \ dtdy 



i2 
1/9 



\h\\ 



¥i 



\dzk^Az,y;u,v) 



/ ' \ 1/9 

\ 9/9 ^ ' 

,q' dsdu \ dtdy 



XI \ Jr(o) \"'r(o) ■ s 



t^ 



dz 



\h\\fq 
\h\\fq. 



Hence, (6) is shown when we prove that 



(65) 



\dzk^i{z,y\u,v) 



I I \ 1/9 

\ 9/9 ^ ' 

.q' dsdu \ dtdy 



I XI \"'r(o) \"'r(o) * / 

for every xi, X2, v G (0, 00) such that \xi — v\ > 2|a;i — X2\ 



i2 



dz 



<C 



\xi -X2I 
\xi — up 



From now on, we take into account that A > 1. Suppose that a;i,X2,f G (0,oo) such that 
\x\ — v\> 2\x\ — X2I. We can write 

X 9/9' ^ ^/« 

\dk^ (zu-uv^\''' ^-^\ ^1 dz 



(66) 



a;i \^r(o) V"'r(o) 



<c 



x^ \Jr+(z) \JT^(y) 



gig' 



1/9 



\dykl,{^,y-u,^)\^ ^^\ -^\ dz 



By keeping the notation in the proof of (a) , straightforward manipulations lead to 



^6* 



^ Jo [(y - '")^ + r2 + 2yM(l - cos 0)]^+2 

24A(A + l)(A + 2)(yM)^r r''^ (sin6')2^-i((y - m) + 71(1 - cos6')) 



Ti" Jo [(y ^ w)^ + r2 + 2yM(l - cos 0)]^+3 

8A2(A + l)(A + 2)(yw)^-iMr3 /""/^ (sin6')2^-i 



dQ 



rdO 



T^ Jo [(?/-u)2 + r2 + 2j/m(1 -cos6')]^+3 

16A(A + l)(A + 2)(A + 3)(yu)^r3 r'^ (sin 0)2-^-1 ((y -«) + u(l - cos 0)) 



TT 7o [(y-u)2 + r2 + 2yw(l-cos6')]^+4 

='Cr,i,i(2/,w) +£^1 oly^w) +'Cr,2.i(y,w) + A^,2,2(y>")j r,y,ue (0,00). 



rfe 



If we define 



^r^aiv^u) = (yu)^ 



7r/2 



(sin( 



\2A-1 



/o [(y - u)2 + r2 + 2yM(l - cos 6')]^+2 
we have the following relations, 

• ^r,i,2^y^'^)<C{L^-i^^{y,u)+ L^-;^{y,u)) , r,y,u e {0, 00), 



d9, r,y,u <E (0, 00), 



• 'Cr,2,i(y'") - ^-^^,1,1(2/'")' ^y-W'S (0,00), 

• '^r,2,2(2/7w) < C'('C^,l,l(y>") +'Cr,3(y>'")) > T, y, M G (0, Oo) . 

Therefore, it is sufficient to analyze C'!^^ liyj^J-) a-nd C^^{y,u), r,y,u E (0,oo). 



Now we can see 



c 



< 



c 



\y-u\ + s + tY - {\z-v\+s + ty 



(y,i)er+(z), (u,s)eT+{v). 
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Moreover, we have that 



^s+M,i(y'")<G 



and, since A > 1, 



\z-v\{\z-v\ + s + t)^ 



, y>\z-v\, (y,f)er+(z), {u,s) eT+{v), 



^+t.^{y,u)<C{yuY~'u{s + t) 



■it/2 



92(A-1) 



<c- 



[(y-'a)2 + (s + f)2+y„6l2]A+2 
u{s + i) , „ \u-y\+y . C 



d9 



<c,. '"-^^1 + ^ ,.< 



<- 



y - u| + s + i)6 - (|y _ m| + s + tf - (|z - i;| + s + i)* 
C 

y<\z-v\, (y,i)er+(z), (w,s)er+(w). 



The same computations made in the proof of (a) give us 



Similarly we can obtain 



stdyd^P^-^{y,u)\^^ 



/ dsdu \ dtdy 



s+t\ 2 



^2 



< 



c 



z-v 



v,z G (0, oo). 



/r+(^) \Jr+(«) 
Hence, we conclude that 



i.i5,5.^p.^,(y,.),_,.r"^)''' ^^ \ ^ 



u, z e (0, oo). 



r+(z) \Jr+{v) s I 



t^ 



z — vl 



v,z G (0, oo). 



From (|66|) it follows that 

\9zksAz,y;u,v) 



. q/q' \ 1/9 

q' dsdu \ dtdy 
1 \ "'r(o) \"'r(o) s"^ j t"^ 

for each xi, X2, v e (0, oo) such that \xi — i;| > 2|xi — X2\. 



dz 



<C 



rdz 



<C 



Fl - X2\ 
\v — Xlp 



Thus, (65 1 is shown and the proof of (6) is completed, 
(c) The proof of (c) is essentially the same one of (b). 



n 



We now obtain a representation of the operator ^n as a vector valued integral operator, for every 

N eN. 

Lemma 5.3. Let M be a Banach space, X>0, l<q<oo and N E N. We denote by K^{x,v), 

x,v (z (0, oo), X =/= V, the operator introduced in Lemma 5.2 Then, 

(67) 

'^n{9){x)=J K^{x,v){g{v))dv, a.e. xisnpp{g), g e £-(0, c^) ® ('L«(r(0), ^) ® 

where if g £ LJ!°((0, oo),F') we represent 

• for every v E (0,oo), g{v){y,t) = g{v,y,t), {y,t) S r(0), 

• for every x E (0,oo), $Ar(g)(a;)(w, s) = $Ar(g)(a;, u, s), (u, s) E T{0). 

The integral in (67 1 is understood in the W^-Bochner sense. 

Proof. It is sufficient to show the result when B has finite dimension. 

Let g E L^((0, oo),F''). We are going to see that, for almost all x ^ supp(g). 



(68) 



, ^ , , , . dsdu 

ksAx, y; u, v)g{v, u, s) — ^-rfu 



Jr„(o) 



KN{x,v){g{v))dv ix,y,t) 
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in the sense of equality in F^. Note that the F'^-Bochner integral in the right hand side is absolutely 
convergent for every x ^ supp(g). Indeed, according to Lemma p. 2[ (a), we get 

'" \\K%{x, v){g{v))h.dv <C f M!^d„ 

/O Jsupp(g) F ■^l 

n 1 

<C||5lU-((o,oo)j?) / I _ I < oo, 2:^supp(.g). 

Jsupp(g) F "^1 



(69) {H{x,y,t), I I klt{x,y;u,v)g{v,u,s)^dv) = {H, I K^{x,v){g{v))dv). 



In order to show (68 1 it is enough to see that, for every H £ (i'^((0,oo),F''))* and x ^ supp(g) 

, dsdu '■°° 

/o Jrjv(o) * ^0 

Let H e (L«((0,oo),F'?))* and x i supp(g). By [HI Corollary IIL2.13], (L«((0, oo),F«))* = 
L«'((0,oo),(F9)*), where (F?)* = L^' (t{0),^,B*Y Hence, there exists h € L«'((0, oo), (F«)*) 
such that 

/"OO 

{H,G)^ {h{x),G{x))^f,).^j,,dx, GeL9((0,oo),F«). 
Jo 
Hence, we can write 

{H{x,y,t), / / k^t{x,y;u,v)g{v,u,s) — ^dv) 
Jo Jr^io) * 

f°° f f°° f 1 , , , , , , dsdu dtdy 

^ / / k^.t{x,y;u,v){h{x,y,t),g{v,u,s)} — —dv—^dx. 

Jo Jr{o) Jo Jrjv(o) -^ '^ 

Moreover, well-known properties of the Bochner integrals lead us to 

/*oo /*oo 

(i/, / K^{x,v){g{v))dv) ^ {H,K^{x,v){g{v)))dv 

Jo Jo 

roo roo r r dsdu dtdy 

ks,t{x, y; u, v){h{x, y, t), g{v, u, s)} — ^ —^dxdv. 
Jo Jt(o) Jr^io) * '- 



To obtain (69) we only need to show that the last integral is absolutely convergent. For this purpose 
we apply Holder's inequality and ( [63| as follows 

°° f°° f f i,A / \i II / Ml dsdu.. , ... dtdy 

I I I \k^^{x,y]u,v)\ ||5(u,u,s)||b — :^\\h[x,y,t)\\M'-—p^dxdv 

Jo Jt{0)JTn{0) * ^ 

(oo oo \ ^/'' 

I I I I Kti^^y^^^^MK^^vMt'^dv'^dx] 
Jo Jt{o) Jo Jr„(o) s t I 



^{11 II \ks.ti^,y;u,v)\\\g{v,u,s)\\l'^^dv'^dx 

to Jr(o)Jo Jr^io) 



<C'II^IIl9'((o,oo),(F9)*)II.9||l'3((o,oo),F9) < oo- 
The proof is finished. D 



By using Lemmas |5.1| |5.2| and 5.3 and as a consequence of the theory of vector valued Calderon- 
Zygmund operators (see [28]) we obtain the following result that we used in the proof of Theorems |1 . 1| 
andfOl 



Proposition 5.2. LetM be a Banach space, A > 1, 1 < q < oo. Then, for each TV G N, the operator 
$jv can he extended 

(a) to LP{{Q,oo),¥'') as a bounded operator from LP{{0,oo),¥'^) into itself, for every 1 < p < oo; 

(b) to iJi((0,oo),F9) as a bounded operator from ffi((0, oo),F«) into £^((0, oo), F«). 

Moreover, for every 1 < p < oo there exists Cp > such that 

\\'^N{g)\\Lp{{o,oa),Fi) < Cp\\g\\LP({o,oo),¥i), 9 G -^^((0, oo), F''), 
and there exists Ci > such that 

1 1 *jv(.g) 1 1 Li((o,oo),F'!) < Ci\\g\\m(^(o,oc),¥i), g € ff^((0,oo),F«), 
for every N ^ N. 
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